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Abstract: Discrete cosine transformation, quantization and entropy encoding are all steps 
in the compression of the JPEG image format. In order to investigate these steps, a 
sample DCT was calculated, an image was quantized using several different quantization 
matrices, and the file sizes of a JPEG with and without Huffman Coding were compared. 
 
 
INTRODUCTION: 
 
The JPEG has been the most common image format on the web for many years. 

Standardized in 1994, it is capable of retaining high quality with small file sizes. Its 

ability to pack so much visual information into a small file is largely due to taking 

advantage of the capabilities, or rather limitations, of the human eye.  

 

Linear algebra is the perfect form of math for computing. JPEG images are a collection of 

numbers in arrays corresponding to different colour channels. The data comprising a 

digital image is like a matrix in that it has discrete values, and unlike calculus, which is 

continuous.  

 

Three steps are used in JPEG compression: a discrete cosine transformation, quantization, 

and entropy encoding (Huffman Coding).  

 

DISCRETE COSINE TRANSFORMATION: 

The Discrete Cosine Transformation (hereafter referred to as DCT) is like a discrete 

Fourier transform in that it turns the spatial domain of an image into its frequency 

domain. The spatial domain contains numbers that reflect the intensity of every channel 

at a given pixel, while the frequency domain contains the change of intensity from one 

pixel to the next. 

 

The frequency domain usually contains less information than the spatial domain. In 

general, the pictures we take of our world have few extreme changes in intensity, and are 
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made up of gradients that are easy to predict. The DCT represents the frequency domain 

as a combination of cosine functions in the x and y directions, like the Fourier transform. 

 

The equation for the DCT between spatial domain and frequency domain is: 

 

Where C(u,v) is the coefficient of the DCT matrix at point (u,v), f(x,y) is the spatial 

domain value at a coordinate (x,y) of the JPEG image array, N is the width and height of 

the image, and a(u), a(v) are normalization constants.  

 

Doing the above calculation for an entire 2000*800 pixel JPEG image would take a lot of 

resources. Instead, the JPEG image is first subdivided into 8*8 blocks. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Each pixel contains 24 binary bits that represent the colour of the pixel, 8 bits are used for 

each of the three channels (red, blue, green). Since 2^8 = 256, each value within the 8*8 

square ranges from 0 to 256. In order to apply the DCT, these values must be centred on 

zero. Do to so, 128 (2^8/2) is subtracted from each value. 

Figure 1: a magnification of an 8*8 pixel block used in DCT 
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Dividing the image into 8*8 blocks provides another advantage to applying DCT. With 

set values of N, i &j, a standard DCT coefficient matrix can be constructed, simplifying 

the transformation to matrix multiplication, where B, the frequency domain matrix, is 

equal to CACt, where C is the DCT coefficient matrix and A is the 8*8 frequency 

domain. Figure 2 is a sample calculation of the frequency domain using Maple. 
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DCT has the property of removing variation in terms of intensity from an image. Figure 3 

shows an uncompressed image and its luminosity histogram and a highly compressed 

image and its luminosity histogram. The standard deviation in the first case is 59.84, 

compared to 59.35 for the highly compressed image. 

 

 

 

 

While the DCT converts the image to its frequency domain and removes some variation, 

it produces more information than it started off with. While values of the spatial domain 

  

Figure 2: Maple Sample DCT calculation 

Figure 3: the luminosity histograms for an uncompressed (right) image and a 
compressed (left) version 
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range from –128 to 128, the values in the matrix after DCT range from –1024 to 1024. A 

second compression method, quantization, is used to remove this excess information. 

 

QUANTIZATION: 

 

After DCT, the image is described in terms of its frequency domain in great detail. 

However, the human eye cannot pick out changes very bright or very dim colours. JPEGs 

can be compressed further by rounding the changes in frequency that are 

indistinguishable to the eye to zero.  

 

Quantization requires a quantization matrix. Every number in the 8*8 block in the JPEG 

image is divided by the corresponding number at the coordinates of the quantization 

matrix and rounded to an integer. A standard quantization matrix is:  

 

 

 

 

 

 

 

Figure 4 shows the same image compressed under a variety of quantization matrices. 
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Quantization significantly reduces file size, reducing the amount of bits to encode every 

pixel. Huffman Coding can further reduce JPEG images in size. 

 

HUFFMAN CODING: 

DCT usually results in a matrix in which the lower frequencies appear at the top left 

corner of the matrix. Quantization then makes many of the higher frequencies round 

Figure 4: JPEG image compression using three different quantization matrices. The 
top uses the standard JPEG compression matrix, the middle uses the standard JPEG 
matrix where all of the values are multiplied by 16, and the bottom uses a matrix 
with constant values (100) 
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down to 0. Following in a zig-zag path (figure 5) through the 8*8 blocks typically yields 

a few non-zero matrix coefficients followed by a string of zeros.  

 

 

 

 

 

 

 

 

 

Huffman coding takes advantage of redundancies – such as a list of numbers ending with 

a long list of zeros by inserting a new code in the place of a frequent combination of 

numbers. In JPEGs a common code signifying that the rest of the coefficients in a matrix 

are zero is EOB. 

 

For example, a list of 64 coefficients that you might get from an 8*8 block such as –2, 0, 

5, 10, -43, -3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, can be simplified 

as –2, 0, 5, 10, -43, -3, EOB, which takes up much less space than the original list.  

Figure 7 compares an uncompressed JPEG with one compressed at a high quality but 

using Huffman coding. 

 

 

 

 

 

 

 

 

 

Figure 5: the zig-zag pattern of coefficients in an 8*8 block used 
for Huffman coding 

Figure 6: Comparison of an image without Huffman coding (left) and one with 
Huffman coding (right) 
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The image quality in the two images in figure 7 is nearly equal, but the image with 

Huffman coding is 213 kilobytes in size while the image without Huffman coding is 

292.15 kilobytes.  

 

CONCLUSION: 

Formats such as the bitmap and tiff require a lot of information to be able to store an 

image because they need 32 bits to encode the colour at every pixel. JPEGs, on the other 

hand, have three levels of compression. First, the discrete chunks of information at every 

pixel are transformed into a pattern of 2-dimensional curves. Next, the excess information 

that the human eye can’t resolve is taken out. The information left over is perfect for 

further compression by Huffman coding.  

 

The combination of these three steps allows for very small image sizes and a large variety 

of image quality and level of compression. It is because of these features that the JPEG is 

now the dominant format of images on the internet. 
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IMAGES USED: 

Rose – taken by author in Golden Gate Park, San Francisco. 

David Huffman & Catherine Holloway – taken from author’s family photo album.  


